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1 Introduction 



Chern-Simons theories in three dimensions have been attracted physicist's attention because of 
its importance in condensed matter and particle physics. Especially in the field of the latter, 
supersymmetric extensions of Chern-Simons theories have been intensively studied. It is known 
that three-dimensional Af = 2 Chern-Simons-matter models admit (non)topological solitons due 
to the non-trivial Higgs potential determined by the Af = 2 supersymmetry. The formulation 
of Chern-Simons-matter models with Af = 3 supersymmetry is examined in pQ. The authors 
showed that the maximal supersymmetry of Chern-Simons-matter models in three dimensions 
with a single gauge field and no gravity is Af = 3. Even though the J\f = 3 supersymmetry 
is the maximal one in that case, Af > 4 supersymmetries are possible for pure Chern-Simons 
theories [21 El E] and quiver gauge theories. 

Recently the low-energy effective theory of multiple M2-branes is proposed by Bagger, Lam- 
bert and Gustavsson (BLG model) [51 [6J which is based on the idea of the novel gauge group A4, 
constructed by 3-algebras. Soon after the proposal, it is shown that the BLG model with A4 
group is nothing but the Af = 8 superconformal Chern-Simons-matter model with gauge group 
SU(2) x SU(2) with bi-fundamental matters [7]. Other Chern-Simons models with products 
of gauge groups and matters, such as Af = 4 and Af = 5 superconformal Chern-Simons-matter 
models [8], the Af = 6 U(N) x U(N) model (ABJM model) [9] have also been constructed. 

Besides these facts, manifestly supersymmetric formulations of Chern-Simons-matter mod- 
els have been interesting topics. For example, Abelian and non-Abelian Chern-Simons-matter 
models in three-dimensional Af = 2 superspace are constructed in p^Ol fTTj . It is known that to 
incorporate manifest and off-shell Af > 3 supersymmetries (hence Af > 2 in four dimensions), 
the ordinary superspace approach is not suitable. The on-shell superfield formulation of the 
Af = 8 BLG and the Af = 6 ABJM models are found in [12]. A good way to introduce the 
off-shell Af > 3 supersymmetries is to use the harmonic superspace approach [TSJ [H]. Pure 
(without matter) = 5, 6 Chern-Simons theories are studied in the framework of harmonic 
superspace [T5l [IB] . For the Chern-Simons theories with matter fields, a manifestly super- 
symmetric construction of the Af = 6 ABJM model is investigated in the Af = 3 harmonic 
superspace [T7] . 

Another way to treat the off-shell extended supersymmetries is to use the projective super- 
space approach [HI [191 120] which keeps M — 2 manifest supersymmetry in four dimensions. 
The two approaches have the relationship [21] and it is quite interesting to investigate the mani- 
festly supersymmetric formulation of Chern-Simons-matter models in the projective superspace. 
Even more, it is possible to construct the action with manifest superconformal invariance in 
the projective superspace [221 123] • In this paper, we study manifest Af = 3 and Af = 4 su- 
perconformal formulations of Chern-Simons-matter models in the projective superspaces. The 
analysis of this paper provides an alternative formulation of supersymmetric Chern-Simons 
theories other than the harmonic superspace approach. A projective superspace formulation 
of the BLG model is proposed in [21]. We will give a comment on this construction in the 
discussion. 

The organization of this paper is as follows. In the next section, the Af = 3 supersymmetric 
Chern-Simons-matter models in the Af = 2 superspace is shown. In Section 3, we give a brief 
review of the three-dimensional Af — 3 projective superspace formulation of superconformal 
theories. In Section 4, we formulate the Abelian Chern-Simons-matter models in Af = 3 
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projective superspace approach and show that the proposed action correctly reproduces the 
result constructed in J\f = 2 superspace. Section 5 is devoted to the N = 4 generalization of 
the construction. Section 6 is conclusion and discussions where non-Abelian generalization is 
briefly discussed. Notations and conventions of M = 2, 3, 4 superspaces are given in Appendix 
A. Detail calculations of the solution to the projective superspace constraint are shown in 
Appendix B The anti-commutation relations among the gauge covariant derivatives are found 
in Appendix C. 



2 Chern-Simons-matter models in J\f = 2 superspace 

In this section, we briefly introduce the three-dimensional Chern-Simons-matter models in M = 
2 superspace. It has been shown that Chern-Simons-matter models with a single gauge group 
have M = 3 maximal supersymmetry (TJ |25] which will be enhanced to M > 3 superconformal 
symmetries when appropriate gauge groups and matters are added [SI E] • 

Although our main interest is Abelian Chern-Simons-matter models, we start from non- 
Abelian gauge groups for generality. We first consider an J\f = 2 U(N) Chern-Simons-matter 
model with level k, interacting with Nf flavors. The model consists of the three-dimensional 
M = 2 vector superfield Vo and the chiral, antichiral superfields Qi, Qi (i = 1, • • -Nf) repre- 
senting the gauge field and matters respectively. The chiral and antichiral superfields which 
satisfy the conditions B> a Qi = and Tb a Qi = are expanded as 

Q l (x L , 9) = qi (x L ) + V26iP qi (x L ) + 6 2 F qi (x L ), 

(2.1) 



Qi(xR, 9) = qi{x R ) - y/29^qi(x R ) - 9 2 F q - i (x R ) 



where D a and D Q are the supercovariant derivatives in the N = 2 superspace, xl and x R 
are the chiral and antichiral coordinates defined in Appendix A. The vector superfield in the 
Wess-Zumino gauge is expanded as 

V (x, 9, 9) = 2i99o{x) + 29 1 m 9A m {x) - V2i9 2 9 x {x) + V2i9 2 9x{x) + 9 2 9 2 D{x). (2.2) 

Here A m (m = 0, 1, 2) is the gauge field, \ is th e gaugino, D is the auxiliary field and a is the 
real scalar. All the component fields in Vq are in the adjoint representation of the gauge group. 
This is obtained by the dimensional reduction of the four- dimensional A/" = 1 vector superfield. 
Actually, a is the A% component of the four-dimensional gauge field. In order to write down 
the M = 2 supersymmetric action, we employ the trick proposed in [10] by introducing an 
auxiliary integration variable t and express the Chern-Simons part as the integration of the 
exponentiated vector superfield. The action is given by 



S&f = jd 3 xj d'9 | f\t Tr [V Q W ( e -^B a e«*)] +^Q^Q 



(2.3) 



where the symbol Tr is the gauge trace and Qi (Qi) are in the (anti)fundamental representation 
of the gauge group. The gauge trace is normalized as Tr(T a T b ) = S ab for the U(N) generators 
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T a . The Chern-Simons level k should be quantized to be integer valued for the gauge group 
U(N). The action is gauge invariant under the following gauge transformation, 



e iA e V 0( ,-iA 



Qi -> e iA Q u Q % -> e~ lA Q 



/A, 



(2.4) 



where A, A are gauge parameters satisfying the chiral, antichiral superfield conditions respec- 
tively. The second term in (12.31) is obtained just by the dimensional reduction of the four- 
dimensional matter kinetic term while the first term in (12. 3p can not be obtained from the four 
dimensions. Note that this model is quantum mechanically conformal provided that there is 
no superpotential for Qi [25] , 

Next, we consider M = 3 Chern-Simons-matter theories. To construct the M = 3 supersym- 
metric action in M = 2 superfield formalism, one needs to introduce other chiral and antichiral 
multiplets $, $ with adjoint representation of the gauge group. They are non-dynamical aux- 
iliary fields. Combined with the vector superfield Vo, these form the M = 4 vector multiplet. 
The vector multiplet can couple to M = 4 hypermultiplets which are represented by pairs of 
chiral and antichiral multiplets (S^Tj), (S^Tj) transforming in conjugate representations of 
the gauge group. The system including the Chern-Simons part and the matter part has only 
J\f = 3 supersymmetry since the Chern-Simons term breaks M = 4 supersymmetry down to 
M = 3. The M = 3 supersymmetric Chern-Simons action is given by [26] 



qAT=3 
°CS 



while the matter part is 

Nf 



—ik 
Air 



d 3 xd 4 6 / dt Tr [V B a (e tVo 3 a e- tVo )] 



o 

— I d 3 xd 2 9 Tr$ 2 + — I 

47T / 47T 



N f 



(2.5) 



Q Af=3 



J i=i i=i \- J J 



■ (2-6) 



The action S*^" 3 + Sj^ =3 keeps only M = 2 manifest supersymmetry but actually preserves 
M = 3 supersymmetry. This model is also quantum mechanically conformal. 

Finally, let us take the Abelian limit of ( 12. 5 j) for later convenience. In the Abelian case, we 
do not need the auxiliary t-integration. Therefore the J\f = 3 Abelian Chern-Simons action is 
given by 



Sg= 3 = ^ / d 3 xd 4 9 V B a lD) a V - ^- j d 3 xd 2 9 $ 2 + ^- / d 3 xd 2 9 $ 2 . 



Air 



k 

Air 



3 Brief survey of projective superspace formalism 

In this section, we briefly review the basic ideas of the three-dimensional M = 3 superconformal 
projective superspace [22]. For those who are not familiar with the projective superspace 
approach, let us recall the ordinary d = 4, A/" = 1 superfield formalism. The d — A, J\f — 
1 superspace is parametrized by the space-time coordinate x M (/x = 0, • • • , 3) and SO(l,3) 
spinor coordinates 6 a ,6a- As an explicit example, we consider a supersymmetric Lagrangian 
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constructed by chiral superfields. A chiral superfield <3> is not a function of the full superspace, 
but a function of its subspace, called the chiral subspace. This subspace is defined by the 
constraint D a § = 0, where D a = —d a — i{9<j^) a d^ and are the four- dimensional sigma 
matrices. The supercovariant derivative D a is used to define the chiral superfield whilst the 
other supercovariant derivative D a = d a + i(a^9) a d^ gives the integral measure to form the 
supersymmetric Lagrangian: 

D 2 r 
£ = - — W ■($) + h.c.= d 2 9W{§) + h.c, (3.1) 

where W is a superpotential. 

Analogously, we can construct a superconformal Lagrangian in the M = 3 projective su- 
perspace formalism in three dimensions. The M = 3 projective superspace consists of the 
ordinary J\f = 3 superspace M 3 ' 6 and the internal space CP 1 . They are parametrized by the 
super-coordinate z M = (x m ,9f) and SU(2) R complex isospinors v\u\ Here a = 1,2 is the 
50(1, 2) ~ SL(2, R) spinor and I = 1, 2, 3 is the 50(3)# ~ SU(2)r R-symmetry vector index 
respectively. We require that the two complex isospinors satisfy the following completeness 
relation, 

5 l j = j—-(v 1 u j - vju 1 ), (v,u) = v l Ui, (3.2) 

where Wj is only restricted by the condition (v, u) ^ 0. We basically use the SU(2)r spinor 
indices i, j = 1,2 rather than the 50(3)^ vector indices. These are intertwined by the relation 
6fj = (ri)ijOf where (ri) % j are the Pauli matrices. The SU(2)r indices are raised and lowered 
by the anti-symmetric symbols e l \Eij such as 9 l = e l Wj. The basic convention of ordinary 
superspaces and the relation among M = 3, 4 and M = 2 superspaces are presented in Appendix 
A. 

The supercovariant derivatives in Af = 3 superspace are defined by 

^ = i + <^, d a ? = ^d m . (3.3) 

ij 

These satisfy the following algebra: 

{D i >,Df} = -2ie i <- k e t »d af) . (3.4) 

Using the isospinors v l ,u l satisfying (13. 2p . we define the following set of supercovariant deriva- 
tives in the projective superspace: 

D^ = v tVj Dl — j-^—rViUjD^, D a ^ = j-^-u^Dl (3.5) 

[V, U) [V, 11) 

where the superscripts on D a 2 \ Da^ and D a 2 ^ indicate the degree of homogeneity in vs. Among 

(2) 

these covariant derivatives, D a is used to define a superconformal projective multiplet. We 
define the superconformal projective multiplet Q( n > with weight n E Z, as a superfield being 
function of z M and v % , by the following condition, 

D®QW = 0, (3.6) 
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which is an analogy to the chiral condition D a Q = in d = 4, M = 1 superfield formalism. 
In addition, the superfield should be holomorphic with respect to v l and homogeneous 
function of degree n, 

Q( n \z,cv) = c n Q (n \z,v), ceC*. (3.7) 

The superconformal transformation of the superfield is given by 

tfQto = -(£ - A (2) d ( - 2) )Q (n) - n£Q (n) , (3.8) 

where £ = £, m d m + £f with D l £ = (ti)^D^, is the superconformal killing vector field and 
d^~ 2 ^ = j^u l -J^i is the differentiation with respect to the isospinor v i . The parameters 

A (2) 

= ViVjA lj and £ correspond to SO(3)r and the scale transformations respectively. De- 
tailed explanation of the superconformal transformation is found in [22]. A conjugation which 
is consistent with the constraint ( 13.61) is called the smile conjugation. This is defined by 



Q {n \v) = Q^(v) _ , (3.9) 

where the bar stands for the ordinary complex conjugation and the conjugation of v l is, more 
explicitly, v 1 — > —V\ = v 2 and v 2 — > — v 2 = —v 1 . 

Now we construct the M = 3 superconformal invariant action. The supercovariant derivative 
Da '' has been used to define the projective multiplet while the others D&\ D a ~ 2 ^ are used to 
form the Grassmann integral measure in an M = 3 superconformal action. The resultant action 
is given by [22] : 

S = -L f{v,dv) [d*x (D^) 2 (D^) 2 £W(z,v)\ g=Q , (3.10) 
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where is an weight-2 real superconformal projective multiplet. Note that the action is 
formed so that sum of the degree of homogeneity in vs is zero. We sometimes call La- 
grangian. The line integral is evaluated over a closed contour 7 in CP 1 . Along the contour, 
u l should satisfy (v, u) ^ 0. It is shown that the action (13.101) is u independent and we can 
therefore choose it, = (1,0). 

In the following, we rewrite the action (13.101) to the one in terms of M = 2 superspace and 
superfields. Without loss of generality, we can take the contour 7 in (13.101) such that it does 
not pass through the north pole v l = (0, 1) in CP 1 . It is then useful to introduce a complex 
inhomogeneous coordinate ( G C in the upper hemisphere (north chart) of CP 1 , 



n 2 



^ = ^(1,0, C = -, i = 1,2. (3.11) 

We consider the projective multiplet in this chart. As we will see, this ( is identified with the 

projective coordinate in the ordinary projective superspace formalism [18]. Using the coordinate 

(2) 

the covariant derivative Da turns into the form 

L>( 2 ) = (iWdW 

(3 12) 

D^(C) = -B a -2CD a 2 + C 2 3 a , 
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where we have introduced the M = 2 supercovariant derivatives D a and D a (see Appendix A). 
As discussed in [22], all the v 1 dependence of the superconformal projective multiplet Q^ n \z, v) 
can be factored out and a new superfield Q™(z, v) oc Q^ n \z, v) is defined. With the use of this 
fact and A3. 12j) . we find that the constraint (13. 6p becomes 

^ 2 W n W) = o. (3.13) 
In general, is expanded by power series in £, 

Q [Bl («,C) = X)C*0*W. ( 3 - 14 ) 

k 

where Qk(z) are some ordinary M = 3 superfields subject to the constraints (I3.13p . Using the 
factorization of v 1 , the projective multiplet is rewritten as 

£W(z,v) = (v 1 ) 3 (iQ£W(z,Q, (3.15) 

and the action ( 13 . 1 0[) reduces to the following form, 

S ' = Jd 3 ^e^(z,0\ e ^ , (3.16) 

where we have used (I3.12p and (I3.13p . The factor i( also appears in addition to (v 1 ) 2 for reality 
of (see also 0(— k,k) and tropical multiplets below). The expression (I3.16P is analogous 
to the action in d = 4, M = 2 ordinary projective superspace and is completely determined by 
the M = 3 superfields Qk(z) projected on the Af = 2 superspace. Note that even though the 
integration in the action is carried out over the M = 2 superspace only, the action has M = 3 
off-shell supersymmetry by construction. 

We now give several examples of the projective superfields Q^ n \ 

• O(k) and (ant)arctic multiplets 



The weight-n complex O(k) multiplet is defined to be holomorphic in the north chart of CP 1 , 

k 

T {n \z,v) = (u 1 ) n T [nl (z,C), T [n] = J2C l ^i(z). (3.17) 

1=0 

The constraints (13.131) on the M = 3 component superfields are given by 

D a T = 0, 

D a Ti + 2D 12 T = 0, 

B a r l + 2D 1 a 2 r l _ 1 -B a r l _ 2 = o, (2<i<k), (3.18) 

2D 12 T fe - DJh = 0, 
B a T k = 0. 

The arctic multiplet is defined as the limit k — > oo of the complex O(k) multiplet and its smile 
conjugate is called the antarctic multiplet. 
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• 0{— k, k) and tropical multiplets 



The real 0(—k, k) multiplet with weight n is defined as 



U i2n \z,v) = (zi;V) n f/ [2nl (z,C) = {v l ) 2n {iQ n U [2n \zX), 



k 



(3.19) 



l=-k 



The constraints (13.131) on the Af = 3 component superfields are given by 



®«U- k = 0, 

B a U- k+1 + 2/^ 2 rj_ fc = 0, 

B a Ui + 2££ 2 C/,_ 1 - D a E/i_ 2 = 0, (-k + 2 < I < k), 
2D 12 U k - D a f4_! = 0, 
B a U k = 0. 



(3.20) 



The tropical multiplet is defined as the limit k — > oo of the 0(—k, k) multiplet. 

4 J\f = 3 superconformal Chern-Simons-matter models 

In this section, we construct M = 3 supersymmetric Chern-Simons-matter actions with Abelian 
gauge group in the projective superspace. 

4.1 Chern-Simons term 

We expect that the supersymmetric Chern-Simons term is naively given by the product of 
a (super)gauge field strength and a gauge potential, which is inspired by the result in five- 
dimensional projective superspace [281 ES]. The gauge potential is given by the real tropical 
multiplet V^°\z,v) with weight 0. For the gauge field strength, we assume that it is given 
by a real 0(— 1,1) multiplet G^(z, v) with weight 2. Then we propose that the weight-2 
superconformal projective superfield in the action is given by 



£ (2) = ±_ V (0)( Z ^Q(2) 

[z,v). 



(4.1) 



Since the tropical multiplet is weight 0, there is no overall v 1 dependence, V^(z, v) 
It is expanded with respect to £ as 



VM(z,C). 



DC 




(4.2) 



The tropical multiplet transforms under the U(l) gauge transformation: 



oo 



oo 





(4.3) 



n=0 



n=0 
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where A^(z,Q and A^(z, Q are gauge parameters in the weight-0 arctic and antarctic mul- 
tiplets A^°\z,Q and A^(z,C) respectively. The gauge transformations of the real tropical 
multiplet in terms of ^-expansion coefficients are 

5V = i(\o-\o), 5V n = -i\ n , (4.4) 

By the gauge transformation, we can make the tropical multiplet be a real 0(—l, 1) multiplet 
form (Lindstrom-Rocek gauge) [20] . 

y[°] = Vi + H + C^i- (4.5) 

The weight-2 0{— 1, 1) multiplet becomes = [y^iiQG^^z, () where G^ is expanded as 

GM(z,() = ^ + L + t($. (4.6) 

We assume that G^ is invariant under the U(l) gauge transformation. Indeed, as we will see 
in below, the components in G^ are written in terms of the components in l/ ' as the gauge 
invariant forms. 

As we have discussed in the previous section, the constraint ( 13 . 1 3j) is interpreted as the 
constraints on the M = 3 component superfields. Since the action is totally expressed in terms 
of Af = 3 component superfields projected on the N = 2 superspace, we are interested in the 
constraints in the N = 2 subsuperspace. From the constraints (I3.18P and (I3.20p . we can find 
the constraints for the component superfields. For V*- -*, since this is the tropical multiplet, Vo| 
is a real superfield and other fields are unconstrained. Here the symbol "|" means the M = 2 
projection of J\f = 3 superfield. For the 0(—l, 1) multiplet G™, we have constraints 



(4.7) 



These conditions imply that $| and $| are the M = 2 chiral and antichiral superfields while L\ 
is the real linear superfield. Finally, for the gauge parameters A^(z, £) and A' ^, Q, we have 

D a Ao| = EUo| = 0, 

D 2 Ai| = D 2 A!| =0, [ ' ' 

and other fields are unconstrained. Therefore Ao| and Ao| are M = 2 (anti)chiral while Ai| and 
Ai| are M = 2 (anti)linear superfields. In the following we omit the symbol "|" and consider 
the component superfields in M = 2 superspace. 

After fixing u to Ui = (1,0), the action ( 13.1 Op with the Lagrangian (14.1 p reduces to the 
following form, 

Sos = #" [d 3 xd'6V^(zX)G^(zX). (4.9) 

8tt J y 2m( J 





= 0, 


D 2 L| 


= D 2 L 




= 0. 
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The component superfields L, $ and $ should be expressed in terms of V n and they satisfy the 
constraints ( 14. 7p . We find that the solutions to the constraints are given by 

L = ilB) ai B a Vo, $ = -B a B a V u $ = -^WBaV-v (4.10) 

8 8 

One can confirm that all these expressions are gauge invariant by using the relations (I4.8[) . This 
fact is consistent with our assumption. The solutions (14 . 1 j) are also expressed as the integral 
of the tropical multiplet over the isospinor space: 

G (2) H = -^J(v,dv){- l -(w,vyD^D^ 



+8 (^,v)(w u) D ^ )a + 2i (w^ D{0 ) aD (o)\ V ( 0)(v) {A1V 
(v,u) (v,u) 2 J 



This closed form expression is obtained in the context of three-dimensional supergravity in the 
projective superspace [23] H. After fixing u = w and using the completeness relation of the 
isospinor, we find that (14.111) is also expressed as 

G®(w) = -J-(D^(w)f I ^lv {0 \v). (4.12) 

8m J 7 (V,W) 

The detailed calculations are found in Appendix B. 

Next, we examine the gauge invariance of the action. Since the action (13.101) is completely 
equivalent to the expression (13.161) and the gauge variation SV^ is the tropical multiplet with 
weight 0, it is sufficient to show the gauge invariance of (14 .9p rather than its manifest M = 3 
action (13.101) . Substituting the expressions (14.41) and (14. 6 p into the gauge variation of the action 
SScs and integrating it with respect to (, we find 

5S CS = [ rf 3 xc/ 4 ^[A!$ + z(A - X )L + Ai$]. (4.13) 

87T J 

This expression is vanishing, taking account of the constraints (I4.7J) . (14. 8p and the relations 
d 2 9 = — D Q D Q /4, d 2 8 = — D a D Q /4 in the space-time integration. Therefore 5*cs is gauge 
invariant. Note that the higher order components in ( n are dropped in the expression due to 
the ^-integration. 

To see the action in terms of Af = 2 superfields, we substitute the solution (I4.10p into the 
action (14. 9p and find 

S cs = — [ d^xd^e^iV^ + iV B a B a V + zVL^) 
on J 



ik 



— I d 3 xd 4 6 VoD Q D„V r 



+| / (-^) * + 1 / wi-x"- 1 * 



= ^J^xd'eVoWBM-^-J^xd^^ + ^-Jd'xdWi 2 . (4.14) 

This is equivalent to the expression given in ( 12. 7p . Therefore the Lagrangian (14. ip correctly 
reproduces the M = 3 Chern-Simons action in M = 2 superfield formalism. 



3 We have slightly changed the coefficients to make it be consistent with our convention. 
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4.2 Matter part 

It is known that the matter hypermultiplet is embedded into the ant (arctic) multiplet. We 
consider the weight- 1 arctic multiplet as the matter part of the J\f — 3 Chern-Simons- 
matter model. The Lagrangian of the free (ant)arctic multiplets is given by 

£ (2) = ft (1) T (1) = l( ,l)2 (T [l] T [l] ( 4 15 ) 

This is easily expanded into the M = 3 component superfields. Substituting the expansion 
(13.1 7p into the action (I3.16P and performing the ^-integration, we find 

/oo 
d 3 xd 4 eJ2(-^^i- (4-16) 

According to the constraints (I3.18P on the J\f = 2 projected superfields, only T (T ) and T x 
(Tx) are dynamical fields and the others are auxiliary fields, which are integrated out with their 
equations of motion. The resulting action describes the four-dimensional M = 2 massless free 
hypermultiplet dimensionally reduced to three dimensions. 

We now introduce a gauge interaction. We consider the action of the (ant)arctic multiplets 
coupled to the Abelian gauge field. Following the ordinary projective superfield approach in 
four dimensions [30J, the Lagrangian is given by 



£® = if «exp(V (0) )T« = ^YCfWexpO^TW (4.17) 
The action (13.161) for this Lagrangian is given by 

Matter = J #X<?9 j> V™ T W . (4.18) 

It is easy to confirm that the action is invariant under the following U (1) gauge transformations 
= e iA^j[i]^ f[i]i _ e -iAi°]f[i]^ ( e vP]y = e im e vw e -ih\°\ (A.IQ) 

We write down the action (I4.18P in terms of M = 2 superfields. In the Abelian case, it is always 
possible to split the tropical multiplet V' ' into the arctic V + and the antarctic V_ pieces, 

e vra =e v +e v_ j (420) 

where we have defined 

V + =-y + ^C n K, V. = -V + J2C n V- n . (4.21) 

n=l n=l 

In the following, we employ the Lindstrom-Rocek gauge so that the tropical multiplet V' ^ takes 
the 0{— 1, 1) multiplet form. We define the gauge supercovariant derivative as 

V [2] = e -lV- D [2] eq V- = e «V +D [2] e - q V + 

= -f> a -2(V 1 a 2 + ( 2 V a , (4.22) 
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where q is the U(l) charge of associated fields and 

=Dl 2 - | (e a Vl! - Dl 2 V ) , (4.23) 

^ a =D Q + |(D a y + 4^ 2 y_ 1 ). 

The second equality in the first line in (I4.22p holds because of Z)a'e v ' 01 = 0. The anticommu- 
tation relations of these supercovariant derivatives are found in Appendix C. The action (I4.18P 
is rewritten as 

5 mattcr = f dV9 j ^f [1] f (4.24) 

where we have defined 



oo 



f[l] =e V +T [l] = J^C^n, 

Z° (4-25) 

n=0 V ^ / 



We can show that these superfields satisfy the gauge covariantized projective constraints X^T^ 
£>L 2l t W = and give the gauge covariant (ant)arctic multiplets. The constraints on the com- 
ponent superfields are found to be 

V a f = 0, (4.26) 
V a f x + 2V 1 a 2 f Q = 0, (4.27) 
V a t l + 2££ 2 T - D Q f = 0, (Z > 2), (4.28) 

£> a f o = 0, (4.29) 
V a f x - 2^X0 = 0, (4.30) 
D a f ,_ 2 + 2^ 2 f { _i - P a f , = 0, (Z > 2). (4.31) 



With the use of the commutation relations (1C1|) and (I3.20p . the constraints ( I4.27P and (I4.30p 
turn out to be 

V 2 f i = DViTo, £> 2 f i = -D 2 Vlif o- (4.32) 
The matter action (I4.24p is now expanded as 

^matter = J ^ xdH [f f - f if 1 + Y (v 2 f 1 + DV-lf ) + Y (v 2 f l - ©Vif )] , (4.33) 

where we have integrated out the auxiliary fields f , (Z > 2). We have also introduced the 
Lagrange multipliers Y, Y which are related to the non-covariantized Lagrange multipliers Y 
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and Y through the relation Y = e 2 °Y, Y — e 2 °Y. Their gauge transformations are given 
by Y — > e lX °Y, Y — > e~ lX °Y. After integrating out Ti,Ti and using the constraints (I4.26p . 
f!4.29p . the solutions (14.10)) . and the anticommutation relations of the supercovariant derivatives 
(Id)) , the action becomes 

5 mattcr = J d 3 xd A 9 [Se Vo S + Te- Vo T] + 2 J d 3 xd 2 9 T$S -2 J d 3 xd 2 6 T$S. (4.34) 

Here we have relabeled S — To, S = T and have defined 

f = e~? Vo f = W 2 Y, f = e-^ Vo T = W 2 Y (4.35) 

The gauge transformations of T, T are the same as the ones for the Lagrange multipliers Y, Y. 
The action f!4.34p agrees with ( 12. 6 j) with Nf = 1. Generalization to the arbitrary number of 
flavours Nf is straightforward. 



5 Af = 4 superconformal Chern-Simons theories 

In this section, we generalize the M = 3 construction discussed in the previous section to M = 4 
cases. The J\f = 4 superspace M 3 ' 8 is parametrized by the super-coordinates z M = (x m ,#"), 
where i — 1,2 and j — 1,2 are indices for the SU{2) L x SU{2) R subgroup of SO(A) R . These 
indices are raised and lowered by the antisymmetric matrices e % \e % i and so on. To incorporate 
the two 577(2) symmetries, we introduce a pair of CP 1 , namely, the mirror projective spaces 
CPl x CP R [22] ■ As a result, the Af = 4 projective superspace is given by M 3 ' 8 x CPl x CP R . The 
mirror projective spaces CPl x CP R are parametrized by the homogeneous complex coordinates 
vl = (v l ),v R = {y l ). As in the case of Af = 3, they are supplemented by Ui.uj, and satisfy the 
similar completeness relations as in ( 13. 2p . 

The supercovariant derivatives in Af = 4 superspace are given by 

Di = ^_+*e^d aP . (5.1) 

ij 

They satisfy the following algebra 

{D i l,Df} = 2ie ik e*d a p. (5.2) 
As in the Af = 3 case, we define the following covariant derivatives: 

D^~ k = Vl Dt D^~ k = -J—utDf, (5.3) 



and 



° (V R ,U R ) k a ' { } 



The covariant derivatives Da^ h ,Da ^ k satisfy the algebras, 

{d2*dW} = {d<-*dF*} 



(5.5) 
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The other covariant derivatives Da^, D^ 1 ^ satisfy the similar algebras. In the Af = 4 case, 
we can introduce the left and right weight-n projective multiplets associated with each CP 1 . 
They are defined by 

Each projective multiplet Qj*\ Q$ satisfies the relation (j3.7p . The Af = 4 superconformal 
transformations of the left and right projective superfields are given by 

SQ? = -{(- A?'8<- 2 >) Qf - nY. L Qi\ 

= - (f - Ag'flST 2 ') Qf ~ nSnQf, (5 ' 7 ' 

where £ is the superconformal Killing vector field, Ai tR , T*l,r and d L R are defined as in the 
same way in Af = 3 case. See [22] for details. 

Following the previous section, we introduce the complex inhomogeneous coordinate (l in 
the left part as 

v 1 = v\1Xl), Cl = - v (5-8) 

1 f -L 



The covariant derivative becomes 

£,(!)* = = D 2k _ ^Ik (5 9) 

The v 1 dependencies of the projective superfields can be factored out and one can define oc 
that satisfies 

d£HOQ [ l ] = 0. (5.10) 
Then, the left projective superfield is expanded as 

qP(^cl)=x;c*g*w, (5-n) 

k 

where Qk{z) are A/" = 4 superfields subject to the constraint (I5.6|) . Similar definitions hold in 
the right part. 

The Af = 4 superconformal invariant action is given by 

S = h j {VL ' dVL) J d%X D l 4)c l\^ v L )\ e=0 + (v R , dv R ) j d 3 x D { - 4) C^(z, v R )\ e=0 , 

(5.12) 

where Cj* \C R ) is the weight-2 left (right) projective multiplet and we have defined 

48 fc az ' ^ i3 ^ 

n(- 4 ) - J_ n(-2)y n(- 2 ) n(~ 2 ) _ nC- 1 )" nC- 1 ) 
■R ~ 48 « ' « ~~ * ^ ' 
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The contour j L (j R ) is chosen such that the path goes the outside of the north pole in CP[ 
(CP R ). After fixing u t = (1, 0), uj. = (1, 0) in CPl and CP R , the action can be rewritten as the 
one in Af = 2 superspace: 



S = 

2m 



Jd 3 xd 4 9£ [ l\zXL)\e ± =o + ^-<f ^ Jd 3 xd*9£ [ $(z,( R )W=o, (5.14) 



where the symbol |6» x =o means that the superfields are projected on the Af = 2 superspace. 

Classification of multiplets are similar to the Af = 3 case. Since the left and right parts 
have almost the same structure, let us focus on the left part for the moment. A complex 

0(k) multiplet and a real 0(—k,k) multiplet are defined as ( I3.17P and ( I3.19p . respectively. 

k 

Constraints for the components of a complex 0(k) multiplet = T£ l are given by 

1=0 

D Q T = DfT = 0, 

D^T, = -££ 5 T,_i, DfT t = D tt T,_i, (1 < I < k), (5.15) 
B a T k = D^T k = 0, 

k 

while those on a real 0(—k, k) multiplet = UiC, 1 are 

l=-k 

B a U- k = DfU_ k = 0, 

B a U t = -D^U^, Dfu^BM-x, (-k + l<l<k), (5.16) 
D^U k = B a U k = 0. 

The (ant)arctic multiplets and tropical multiplets are defined by taking k — > oo in the complex 
O(k) and the real 0(—k, k) multiplets, respectively. 

We now consider the Chern-Simons action in Af = 4 projective superspace. Following the 
discussion in the previous section, we consider the weight-2 Lagrangian in the left part, 

C® = ±v2\z,vJG$>{z,v L ), (5.17) 

where V^ "* is the weight-0 tropical multiplet while Gj? is the gauge invariant weight-2 real 
0{— 1, 1) multiplet. The constraints for the component superfields in G L are obtained from 
fl536|) as 

D Q $ L = 0, 

B 2 L L = WL L = 0, (5.18) 
= 0, 

where they are projected on the Af = 2 superspace. Now we represent the gauge invariant 
multiplet G£ by the gauge potential. The closed form of the solution to the Af = 4 projective 
superspace constraint was obtained in [23]. The result is 

= ^^ f^^X W (5 , 9 ) 
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or equivalently 

Gi^-\j { ^^D^vf{v R ). (5.20) 

Here the left 0{— 1, 1) multiplet is expanded as G^} = G % [viVj. We note that the left multiplet 
Gl is represented by the right multiplet V R in the M = 4 case. Performing the contour 
integration, we find 

T [2] i ( N /I, 



^ = ^ ^-4© Q D Q V Ril J + -D fl B Q y fii0 + < L ^O q O q V r ,_ 1 J , (5.21) 

where we have defined = {v l ) 2 {iC,L)G^ and the component fields of vj^ in the Lindstrom- 
Rocek gauge: 

Vf = t-Vr,- X + V R , + CrVr,i. (5.22) 

The detailed calculations are found in Appendix B. The same analysis is applied to the right 
multiplet Gft. Therefore the M = 4 Chern-Simons action in the J\f = 2 superspace is given by 

S cs = I d 3 xd 4 9 V Lfi B a B a V R>0 + / d?xd 2 6 $ A + [ d\d 2 6 $ L $ R 

lo7r J Sir J Sir J 

+ (L <-> (5.23) 

The calculation is the same with the M = 3 case. 

We note that there are two gauge potentials associated with the left and right parts. From 
the construction, we find that each part is invariant under the two independent U(l) gauge 
transformations. Therefore the gauge group of the M = 4 superconformal Chern-Simons action 
is interpreted as U(l) x £7(1). The gauge coupling constants for these gauge groups should be 
the same due to the SO(4) R invariance. This situation is different from the M = 3 case where 
we can construct the gauge invariant action with a single U(l) gauge group. We need more 
than one gauge potential to construct M > 4 supersymmetric Chern-Simons theories. There 
is a natural interpretation for this gauge group enhancement. It has been discussed that the 
J\f > 4 supersymmetry completion of a pure Chern-Simons term is impossible provided that 
there is only one gauge potential. One needs multiple gauge potentials to make the action be 
invariant under J\f > 4 supersymmetries (21 [31 H]. We therefore have to introduce more than 
single gauge group or may need 3-algebra structure which enable the gauge potential to have 
multiple components (with 3-algebra indices) [3 El 13 EZ] • 

For the matter part, we can construct the M = 4 action which includes U(l) gauge interac- 
tions. The matter multiplets are introduced as weight- 1 left (and right) (ant)arctic multiplets 
YM. Following the Chern-Simons case, since the left and right parts are almost the same, we 
focus on the left part. We define the gauge covariant derivative as 

V [i]k = e - q v. D [i]k eq v. = e iv +D \i]k e ~ q v + ^ (5>24) 

where we have decomposed the left U(l) vector multiplet V^ ' = V+ + V_ in the same way as 
the J\f — 3 case. We can show that the matter multiplets = e v +YM and = e v ~YM 
satisfy the gauge covariantized projective constraints: 

X>W*fN = V [i]kf [i] = _ ( 5>25 ) 
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Using the anticommutation relations of the gauge covariant derivatives in Appendix C and the 
constraints (15. 25p . one can construct the matter action together with the right part as in the 
same procedure in Af = 3 case. 

Finally we comment on the classification of the multiplets and superconformal invariant 
action in the A" = 4 projective superspace. In this paper, we consider the left and right 
projective multiplets. They can be defined independently and the superconformal invariant 
action (15.1 2p is just the sum of the left and right parts. However, one can consider multiplets 
constructed by the products of the left and right multiplets, called hybrid projective multiplets 
with weight (n,m): 

Q^ = Qt\v L )Q { ™\v R ), (5.26) 

where (Q™) is a left (right) projective multiplet with weight n (m). The hybrid projective 
multiplets satisfy the analyticity condition determined by the new covariant derivative Da = 

v iV - k D^: 

D (l,l)Q(n, m ) = q ( 5>27 ) 

The A" = 4 superconformal invariant action constructed by the hybrid projective multiplets 
is discussed in [23]. It would be interesting to study Af > 4 Chern-Simons- matter models by 
using the hybrid projective multiplets. We leave this possibility to future works. 



6 Conclusion and discussions 

We have constructed the Af = 3 superconformal Chern-Simons matter theories with Abelian 
gauge group in the three-dimensional projective superspace. The weight-2 Lagrangian is given 
by the product of the weight-0 tropical multiplet and the gauge invariant weight-2 0(—l, 1) 
multiplet G^ 2 \ We have solved the constraints for the 0{— 1, 1) multiplet and expressed its 
component superfields by those of the tropical multiplet. We have also constructed the matter 
action interacting with the gauge fields. The gauge covariant derivatives are defined by using 
the tropical multiplet and the matter (ant)arctic multiplets satisfy the gauge covariantized 
projective constraints. 

These constructions of the actions are generalized to the Af = 4 cases. In order to introduce 
the R-symmetry group SO(4)r ~ 577(2) x S77(2)/Z2, we have introduced the mirror CP x s 
and considered the A" = 4 superconformal projective superspace. The Chern-Simons and the 
matter actions are constructed as in the similar way for the A" = 3 cases. We need to introduce 
two vector potentials for the A/" = 4 superconformal invariant action. This fact leads to the 
result that the gauge group of the theory is actually the product of the two groups, namely, 
U(l) x 17(1). 

A few comments on the non- Abelian generalizations of our constructions are in order. Let 
us try to find the A" = 3 superconformal Chern-Simons- matter action with non-Abelian gauge 
groups in the projective superspace. A natural way for the non-Abelian generalization of the 
A" = 3 Chern-Simons action (14. ip is to replace the projective multiplets and by the 
ones with adjoint representations of a non-Abelian group. The Lagrangian may be given by 

£(2) = A Tr [V^{z,v)G^{z,v)] , (6.1) 
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where the trace is taken over the adjoint representation of the gauge group. As in the Abelian 
case, one may try to find solutions to the projective superspace constraints D a ' 

! ) G (2) 

= and 

express the J\f = 2 components in in terms of those in V^. Using this solution, the 
Lagrangian (16. ip should reproduce the N = 3 Chern-Simons action (12.51) in Af = 2 superspace. 
However, we find that the straightforward generalization of the Abelian solution (I4.10p to the 
non-Abelian case does not work. Even more, the complicated dependence on the auxiliary 
variable t in (12. 5p should be incorporated with the action in the projective superspaces. 

The formulation of non-Abelian Chern-Simons theories in the J\f = 4 projective superspace 
is also an interesting problem. The M > 4 superconformal Chern-Simons theories with bi- 
fundamental matters have been studied intensively in the context of the world- volume effective 
theories of M2-branes. In order to construct the M = 4 superconformal action for the matter 
fields with the bi-fundamental representation, one may need to introduce the hybrid projective 
multiplets. This is because the bi-fundamental matters should couple two gauge potentials 
simultaneously. We explore these possibilities in the future works. 

Finally, let us comment on the construction of the M = 4 Chern-Simons-matter model 
discussed in [23]. In [23], manifestly M = 4 supersymmetric construction of the Bagger- 
Lambert-Gustavsson type action was studied. The action is based on the 3-algebra gauge 
invariance and is formulated in the M = 4 projective superspace. This M = 4 projective 
superspace is defined by the dimensional reduction of the one in four dimensions and SO(4)r ~ 
SU(2) x SU{2)/ r L 2 R-symmetry is not manifest. There are only one matter multiplet and one 
vector multiplet in the action and the mirror pairs (left or right multiplets) do not exist, which 
are necessary to keep M = 4 superconformal invariance. Consequently, it is unclear whether 
their action is M = 4 superconformal invariant or not. It would be interesting to formulate 
J\f > 4 Chern-Simons-matter theories based on the 3-algebra gauge groups. Our construction 
may be applicable to the 3-algebra gauge groups. We hope we come back to this problem in 
the future researches. 
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A Conventions and notations in three-dimensional su- 
perspaces 

This appendix provides the basic conventions and notations of ordinary superspaces in three 
dimensions. We use the convention of the three-dimensional metric r] mn = diag(— 1, +1, +1) 
with m, n run from to 2. The three-dimensional M = 2 superspace is represented by the 
coordinate z A = (x m , 9 a , 9 a ) where 9, 9 are two component spinors. The gamma matrices 
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are defined by (7 m ) Q ^ = (iT 2 ,T 1 ,T 3 ) which satisfies {7 m ,7 n } = 2r] mn . t 1 (I = 1,2,3) are 
the Pauli matrices. The spinor indices are raised and lowered by the anti-symmetric symbol 
e 12 = —E\2 = 1. The supercovariant derivatives in Af = 2 superspace are defined by 

B a = d a + i(^ m 9) a d m , B Q = -d a - i{&i m )ad m - (A.l) 
These satisfy the following relations 

{B a , Bp} = -2ij^d m , {B a , Bp} = {B a , Bp} = 0. (A.2) 
The Grassmann measure of integration is defined by 

d 2 9 = ~d9 a d9 a , d 2 9 = -^d9 a d9 a , d*9 = d 2 9d 2 9, (A.3) 
such that they satisfy 

Jd 2 9 6 2 = l, Jd 2 9 9 2 = l, Jd 4 9 9 2 9 2 = l. (A.4) 
Within the space-time integration, the following relation holds, 



d 4 9 F{z) = ^(B 2 B 2 F(z)) 



(A.5) 



=0=0 

where F(z) is a superfield. The chiral and anti-chiral coordinates are defined by 

x ™ = x m + l e 1 m 9, x % = x m - i9-i m 9. (A.6) 

We use the following relations among Af = 2, Af = 3 and Af = 4 superspaces [22] : 

not na na na na na I A >7\ 

V - U u - U n , V - V 22 - e/ 22 , [A.() 

B a = ti? = D* B a = -D 22 = -D 22 . (A.8) 
The Af = 2 projection of Af = 3, 4 superfields is defined by 

*\ = *(* A )\ 9x=0 > ( A - 9 ) 
where 6± is 0i 2 (A/" = 3) or lg , 2l (A" = 4). 



B Solutions to the constraint 

In this section, the detailed calculations of the integral in (14. lip and its Af = 4 counterpart 
f)5.20p are shown. 

We fix Ui = (1,0). The integral measure is v l d,Vi = —(v 1 ) 2 dC and the products of the 
supercovariant derivatives are 



1 

v 

i ( i^a fB.r 



D (-2)a D (-2) = ^(_ CD 2 + BD 12 



DWDM = jjy 2 (-±<J* ~ ^DD) 

D (0)a D {0) = C 2p2 _ 2CDjD 12 + pl2 )2 
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One can eliminate D 12 in each expression using the relation D 12 = —-^(D^ + D — £ 2 D). We 
start from the first term in (14. lip : 

f (v,dv) (--) (w, v) 2 (D ( -~ 2 ^) 2 V ( -°\v) 



j> d( v (w 2 + 2C, vWl w 2 + C> 2 2 )K) 2 (^-V-i + V ° + CvVi 



l w 2 B 2 V„x, (B.2) 

o 

where we have used the projective super space constraint D®V [0] = and defined ( v = V The 
second term in (14. lip is 



l -l{v,dv) 8 MM D^D^ 



= — (fd( v (w lW2 + ( v w 2 2 ) ( -k,D 2 - -^OD ] ( + V + CvVi 
ni J 1 \ 2 2Q V J \Q V 

= wiw 2 BBV . (B.3) 
The third term is 

r ^ dv) 2i^(Z}(°') 2 V(°» 



2 

From these results we find 



(w 2 ) 2 B 2 V 1 . (B.4) 



G [2 \w) = ^ f^DViJ + iDBV + zC™ ^-gDV-ij . (B.5) 

Therefore (I4.10p is obtained. 

Next, we calculate the integral ( 15T20|) . The left 0(-l,l) multiplet Gf = G ij v iVj is ex- 
panded as 

Gf = (^ 1 ) 2 (za)HaG ll + 2zG l2 -zCz: 1 G' 22 ) 

= (^) 2 «l)4 21 - (B.6) 



Then, we find 



= hs> 2 V3 v (B.7) 
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Similarly, the other components are 



G ' 2 = \{^ DllD *{t^ +v * +uv? ) 



= -jDDV*, (B.8) 

= ioVK, (B.9) 

where we have used the Af = 4 projective superspace constraints on Vr\ Finally we obtain 

dLZH). 



C Anticommutation relations of supercovariant deriva- 
tives 

The M = 3 super gauge covariant derivatives satisfy the following anticommutation relations 
{V a ,Vp} =0, 



{V a ,Vf,} =2D (a DgF_ 1 
2 



i 2 \ = — im..in) v. 1 ( c - 1 ' 
l 



2^} ={© a , ©4 + -{B a , Bp}V + 2D a Dp V-i, 

{V a ,Vf} = - ^BJlpV-! + 2Dl 2 D 1 a 2 V_ 1 , 

where we have taken q = 1 for simplicity. 

For the M = 4 case, the gauge covariant derivative in the left sector is expanded as 

V [l]k = V 2k _ CV 1^ (C 2) 

where we have defined 

Vf = Df + ^Dfv - qD*V- lt (C.3) 

V* = D* + ±D*V . (C.4) 
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These satisfy the following anticommutation relations with q — 1: 

0. 
0. 



•> ll ~ 

>12l 



,21 





vf} 



-{I 



}--{B a ,B p }V 



{D^,Df} + ^,Df}V 
-DfDfV^+BpBaV-!, 



D 



12t 



iV- 1} 



Similar definition of the gauge covariant derivative is applied to the right sector. 



(C.5) 
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